INTRODUCTION
Our main purpose is to generaîize, to the rational case, a welî-known and beautiful resuit of J. L. Walsh on the convergence of différences of interpolating polynomials. To state this resuit, we first introducé some needed notation.
Let A p dénote the set of functions ƒ (z) analytic in the disk | z | < p, whçre we assume that 1 < p < oo. With n m denoting the set of all complex polynomials of degree at most m, let p n (z \f)e% n be the Lagrange polynomial interpolant of/(z) e A ç in the (n 4-l)-st roots of unity, i.e., p n (co ; ƒ) = f((û), Voe such that oe n+1 = 1, (1.1)
00
for eaçh nonnegative integer n. Writing ƒ (z) = £ a } z* f for | z | < p, we let 
f(z) G A p and some z with \ z f = p 2 for which p n (z\f) -P n (z\ f) does not
In a recent paper, Cavaretta, Sharma, and Varga [2] give several genera--lizations of Theorem A for the case of polynomial interpolation. Our present goal is to extend some of these results to différences oirational functions which interpolate a meromorphic function. Although our main result (cf. Theorem 2.1) deals with more gênerai interpolation schemes and their associated geometries, we first state, for purposes of illustration, our extension of Theorem A where the interpolation points are again the roots of unity and the origin.
For notation, for each nonnegative integer v and for each p, with 1 < p < oo, let Mp(v) dénote the set of functions F(z) which are meromorphic with precisely v poles (counting multiplicity) in the disk D p , and which are analytic at z = O and on | z | = 1. Given F e M p (v), consider the rational interpolant (We assume hère and throughout that the denominator polynomials V nv (z\ Q" )V (z) of (1.6) and (1.8) are normalized so as to be monic.) It is important to note that the existence and uniqueness of the rational interpolants S n>t (z) and R n^z ) of (1.7) and (1.9) are, for all n large, guaranteed by a theorem of Montessus de Ballore [3] and its generalization due to Saff [5] ; this iatter resuît is stated in § 2 as Theorem B.
With the above notation, we shall prove in § 3 the resuit of
, and if{ a,-}} = x are the v pôles ofF in D p (listed according to multiplicities), then the rational interpolants S nv of (1.7) and R nv of (1.9) satisfy 
I
More precisely, on any closed subset Jf of any D x \ \J { a,-} with p < x < oo,
The resuit of(l. 10) is best possible in the sensé that, for any v ^ 0, and for any p with 1 < p < oo, there is an F y e M p (v) such that
We remark that the special case v = 0 of Theorem 1.1 reduces to Walsh's Theorem A. We further note that the sharpness resuit (1.12) of theorem 1.1 generalizes the corresponding resuit for v = 0 of Cavaretta, Sharma, and Varga [2] .
Concerning the behavior of the (monic) denominator polynomials of the rational interpolants S nv (z; F) and R HtV (z; F) ofTheorem 1.1, it is knownfrom SafFs Theorem B (cf §2) that lim V^{z) = lim Q B| V (z) = B(z) == f\ (z -a f ), Vz e C , n-»oo n-*oo i= l and, moreover, as a special case of (2.22) , that on each compact set Jf a C,
Clearly, (1.13) and (1.14) together imply The outline of the present paper is as follows. ïn § 2, we state and prove our main results for gênerai interpolation schemes, and in § 3 we consider some spécifie applications of these results.
MAIN RESULTS
Our aim to extend Theorem A in two directions. Firts, we wish to consider triangular interpolation schemes that are associated with planar sets more gênerai than that of the disk. Second, we shall replace polynomial interpolation to analytic functions by certain types of rational interpolation to meromorphic functions.
For these purposes, let E be a closed bounded point set in the z-plane whose complement K (with respect to the extended plane) is connected and regular in the sense that K possesses a Green's function G(z) with pole at infinity (cf [8, p. 65] ). Let T CT , for er > 1, dénote generically, the locus In the tableaux (2.2) and (2.3), we do not require that the en tries in any particular row consist of distinct points. In the case of repeated points, interpolation in (2.5) or (2.7) is understood to be taken in the Hermite (derivative) sensé.
Unlike polynomial interpolation, the existence of the above rational interpolants is by no means assured without further assumptions on the behaviors ofthe triangular schemes. Also, to establish a theorem (analogous to Theorem A) which asserts that the différence r" v (z) -r nv (z) tends to zero in some « large » région, we need to assume that the tableaux (2.2) and (2.3) are, in some sensé, « close » to one another.
To specify these assumptions, set Conceming the triangular scheme (2.2), we suppose that
uniformly in z on each closed bounded subset of K, where A is the transfinite diameter (or capacity) [8, § 4.4 ] of E. We remark that the existence of some triangular scheme { (3^ } for E for which (2.9) holds, is well-known; for example, on defining the tableau { Pjn)
} to consist of the Fekete points for E, then (2.9) holds (cf. We remark that while the rows of tableau (2.2) are defined for every n = 0, 1, 2,.. , the tableau of (2.3) need only be defined for some infinité increasing subsequence of nonnegative integers n, and the conclusions (2.12) and (2.13) of Theorem 2.1 remain valid for that subsequence. As we shall see in § 3, this observation will be useful in studying Hermite interpolation.
Essential to the proof of Theorem 2.1 is the following extension, due to Saff [5] (z) , it follows from (2.17) and (2.18) that, for each T with 1 < T < p, there holds and since ƒ(&,) 9 e 0, inequality (2.19) follows for the case k = 0. For fc = l,...,m -1, mequahty (2.19) is easiiy proved by induction, using the more gênerai estimâtes of (2.21), the Leibniz formula for differentiating products, and the fact that B {k) (a) = 0 for k = 0, 1,..., m -1 .
• As a conséquence of (2.19), on expanding each A BjV (z) in terms of a fixed Lagrange basis of polynomials, there holds on each compact set # c C, Proof : By assumption, the zéros of the polynomials w n (z) have no limit point exterior to £. Hence, on each compact set in K, the harmonie fonctions* -log | w n {z) j are, for n sufficiently large, uniformly bounded, and so they form a normal family in X.Now, letKbeanyfixednumber withmax{ 1, p k }<R<p. uniformly on each compact set exterior to T R . But, as the fonctions -log ( w n (z) j form a normal family in K, then (2.25) necessarily holds uniformly on each compact set in K, which gives (2.23).
• We can now give the Proof of Theorem 2.1 : By Lemma 2.3 and the assumption of (2.9), it follows from Theorem B that, for each n sufficiently large, the rational interpolants vol. 15,110 4, 1981 r"Jz) of (2.5) and F" jV (z) of (2.7) exist and are unique. Furthermore, the monic denominator polynomials g n . v (z) and q", v (z) satisfy lim q ntV {z) = lim q n v (z) = fj (z -o^ =: In (2.33), the contour C s+ x is taken to be positively oriented, while the remaining contours C p 1 ^;'^ s, are ail negatively oriented.
To estimate the intégrais in (2.33), we first note that using (2.10) we can express K n (t, z) as
From the hypotheses (2.9) and (2.11), it then follows that, for each x ^ p, Next, to estimate the intégrais around the pôles a*, we note that for each j = I, 2,..., s, Ij"\z) is just the négative of the residue at t = a* of the function
K"(t,z)J"{t) w n+v {t)w n+v (t){t -(2.36)
If a* e r a " then it follows from (2.9), (2 (as in the proof of Theorem 2.1) such that for n suffîciently large, p niV (z) is different from zero on the closed interior of each C y Consequently, for n large, the fonction G n (z) is analytic inside and on each Cj, j ~ 1, ...,s. Since the zéros of q HtV (z) will eventually ail be contained in the union of the interiors of the circles Cp Hermite's formula again gives
. Vz e C , (2.45) where now the intégration is taken in the positive sensé around each C,. But, from (2.44) and from (2.41) with x = p, we have for 1 < j ^ s,
Usiiig this estimate together with the limiting behavior (2.26) of the po!ynomials q nv (z), it follows from (2.45) that
where Jf is any compact set in the plane, which establishes (2.42).
• If only the triangular interpolation schemes are specified, but not the point set E, then D. D. Warner has shown [9] that, under rather mild regularity conditions, the schemes détermine a geometrie setting in which Saffs Theorem B remains valid. Such assumptions lead to further generalizations of Theorem 2.L 3. SOME EXAMPLES In this section, we discuss some special cases of Theorem 2.1 and Corollary 2.4. We begin with the results quoted in the introduction concerning rational interpolation in the origin and in the roots of unity.
Example 1 : Let E be the closed unit disk | z | < 1, so that £ has capacity A = 1. The associated Green's function is then simply G(z) -log | z |, and the level curves T a are the circles | z | = a. Next, select the n-th rows of the 384 E. B. SAFF, A. SHARMA, R. S. VARGA tableaux (2.2) and (2.3) to consist, respectively, of all zéros and of the (n + l)-st roots of unity ; that is, with the notation of (2.8),
Trivially, w n {z) satisfies (2.9) and, furthermore, the inequality of (2.11) is valid, for every p > 1, with À, = 0. Thus, Theorem 2.1 gives the conclusions (1.10) and (1.11) of Theorem 1.1, provided that F(z) e M p (v) has all of its v poles exterior to E : | z | ^ 1. However, slight modifications in the proof of Theorem 2.1 show that, for these special interpolation schemes, we can indeed allow some or all of the v poles of F(z) to lie in the punctured disk 0 < | z \ < 1, and this will not effect the validity of Theorem 2.1. Next, we establish the sharpness assertion (1.12) of Theorem 1.1. For any given p with 1 < p < oo, and any fixed complex a with 0 < | a | < p, | a | # 1, the particular meromorphic function is evident ly an element of M p (l). Because v = 1 in this example, the associated interpolants (cf. (1.6) and (1.8)) of F(z) are where we write
It can be verified that Note that since p > | a |, both X n and y n tend, from (3.3), to -a as n -^ oo. This, of course, implies that the poles of S nl (z; F) and R nl (z;F) both tend Thus, for the particular function F(z) of (3.2), we see that (3.6) implies (1.12) of Theorem 1.1, for the case v = 1. It thus remains to establish (1.12) for any integer v ^ 2 and any 1 < p < oo. This is done by using the previous construction as follows.
Let us regard the function F(z) of (3.2) as a function of z, a, and p, i.e.,
For any p with 1 < p < oo, and for any positive integer v, we set
where, as in (3.2), 0 < | q | < p and | a | ^ 1. Then, the rational interpolants S" )V (z ; F v ) and R n , v {z ; F v ) of F v are easily seen to be related to the rational interpolants S" tl (z; F) and R nl (z; F) oî F as follows :
Because of the relationships of (3.8), it follows from (3. lim \& n (z) ! 1/n = lcp(z) I, (3.14)
uniformly on each compact set in K. Choosing the interpolation scheme of (2.2) to consist of the zéros of the Faber polynomials, Le., setting then the condition of (2.9), with G(z) = log j cp(z) |, is clearly satisfied. 
